Abstract. This paper examines the bifurcation and structure of the bifurcated solutions of the two-dimensional infinite Prandtl number convection problem. The existence of a bifurcation from the trivial solution to an attractor Σ R was proved by Park [14] . We prove in this paper that the bifurcated attractor Σ R consists of only one cycle of steady state solutions and that it is homeomorphic to S 1 . By thoroughly investigating the structure and transitions the solutions of the infinite Prandtl number convection problem in physical space, we confirm that the bifurcated solutions are indeed structurally stable. In turn, this will corroborate and justify the suggested results with the physical findings about the presence of the roll structure. This bifurcation analysis is based on a new notion of bifurcation, called attractor bifurcation, and structural stability is derived using a new geometric theory of incompressible flows. Both theories were developed by Ma and Wang; see [11, 12] .
Introduction
Rayleigh-Bénard convection, that is, a buoyancy-driven convection in a fluid layer heated from below and cooled from above, is one of the prime examples of bifurcating high-dimensional systems. It has long been a subject of intense theoretical and experimental study and has been applied to many different areas of study such as meteorology, geophysics, and astrophysics. In this paper, we consider a two-dimensional (2D) convection problem. The governing equations are the following Boussinesq equations: where u = (u 1 , u 2 ) is the velocity field, p is the pressure function, T is the temperature field and k = (0, 1) is the unit vector in x 2 -direction.
In the Boussinesq equations, we have two important numbers: the Rayleigh number, which measures the ratio of overall buoyancy force to the damping coefficients, and the Prandtl number, P r = ν κ , which measures the relative importance of kinematic viscosity over thermal diffusivity. Here, ν and κ are the kinematic viscosity and thermal diffusive coefficients respectively, α is the thermal expansion coefficient of the fluid, g is the gravitational constant, h is the distance between two plates confining the fluid and T 2 − T 1 is the temperature difference between the bottom and top plates. Due to the fact that mathematical information is very limited, the complicated equations have been simplified. For example, the infinite Prandtl number limit of the Boussinesq equations has been used as the standard model for the convection of earth's mantle, where it is argued that P r could be of the order 10 24 , as well as for many gasses under high pressure. A Broader rationale for investigating the infinite Prandtl number convection is based on the observation of both the linear and weakly nonlinear theories; that fluids with P r > 1 convect in a similar fashion. Moreover, the infinite Prandtl number model of convection can also be justified as the limit of the Boussinesq approximation to the Rayleigh-Bénard convection as the Prandtl number approaches infinity [21, 22] .
In the limit of the infinite Prandtl number, the inertial terms in the momentum equation can be dropped, thus we are left with a linear dependence of the velocity field on temperature: Since the velocity field is linearly dependent on the temperature field in the infinite Prandtl number convection, the velocity field has a behavior that is much more regular than the finite Prandtl number model. Thus this is a distinct advantage of studying this model. In particular, by investigating the structure of the attractor generated only by T (much more convenient), it is possible to reconstruct the structure of the attractor in terms of (u, T ), which has the same topological structure as is obtained in terms of only T .
Extensive mathematical studies have been conducted for the Rayleigh-Bénard convection since Rayleigh's work. In particular, for the Rayleigh-Bénard convection with the finite Prandtl numbers, readers are referred to Chandrasekhar [1] , to Drazin and Reid [4] for linear theories; to Foias, Manley and Temam [6] for the existence and physical bounds of attractors; to Rabinowitz [16] for the existence of rectangular solutions; and to Ma and Wang [10, 11] for attractor bifurcation. For the case regarding the infinite Prandtl number, the readers are referred to Constantin and Doering [2, 3] for the upper bounds of the minimal conduction value; to Schnaubelt and Busse [19] for two-dimensional convection rolls; to Keken [8] and to Yanagisawa and Tamagishi [23] for mantle and spherical shell convection studies, respectively; to X. Wang [21, 22] for the justification of the infinite Prandtl number convection as the infinite Prandtl number limit of the Boussinesq equations; and to Park [14] for the existence of attractor bifurcation.
T. Ma and S. Wang [9, 11] recently developed a new notion of bifurcation theory called attractor bifurcation. The existence of bifurcation from the trivial solution to an attractor Σ R of the infinite Prandtl number convection was achieved by the author [14] using the attractor bifurcation theories. In this paper, the following two problems will be addressed:
(1) the classification of the structure of Σ R , (2) the transition of the bifurcated solutions in physical space. For the first result, we use an approximation formula for the center manifold function given in [11] . Of course, the key ingredient of the analysis is to derive the reduction equation for our problem. For the second result, it is essential to study the topological structure of the divergence-free vector fields for 2D-incompressible flows governed by the Navier-Stokes equations or Euler equations. Such a result would involve a specific connection between solutions of the equations and flow structure in physical space, i.e., this area of research links the kinematics to the dynamics of fluid flows.
As a result, we have a bifurcation from the trivial state to an attractor Σ R as R crosses the critical Rayleigh number R c , the first eigenvalue of the eigenvalue problem of linearized equations [14] . Next, we prove that Σ R is homeomorphic to S 1 and that Σ R consists of steady state solutions for R c < R < R c + ε for some ε > 0. These results can be obtained by analyzing eigenvectors in terms of the temperature field T and later on, the velocity field u(T ) associated with the temperature T can be reconstructed by the eigenvectors of T . Thanks to the geometric theory of 2D incompressible flows [12] , the structure and its transitions between the convection states in physical space is analyzed. Through this, we prove that the associated velocity field is structurally stable and show what the asymptotic structure looks like. This leads us, in particular, to a rigorous justification of the roll structure.
We take free-free boundary conditions on the top and bottom plates to study the infinite Prandtl number convection. However, the free-free boundary condition (which was first considered by Rayleigh) can be realized only under very artificial conditions, such as by having the liquid layer floating on top of a somewhat heavier liquid. From the point of view of realizability in the laboratory for precise quantitative experiments, the Dirichlet boundary condition (rigid-rigid) is, of course, of the greatest interest. Nevertheless, the case is of theoretical interest because it allows for an explicit solution.
The paper is organized as follows. After introducing the infinite Prandtl number convection and its mathematical settings in Section 2, we describe the center manifold approximation and bifurcation theories for the infinite Prandtl number convection in Section 3, followed by a topological structure of the bifurcated solutions. Then we study the structural stability and the asymptotic structure of the bifurcated solutions in Section 4. Concluding remarks are given in Section 5.
Bénard Problem and its Mathematical Setting
2.1. Mathematical setting. In this paper we deal with the Boussinesq equations on the non-dimensional domain Ω = R × (0, 1) ⊂ R 2 . The basic linear profiles of (1.4)-(1.6) are steady state solutions given by
Let q be the difference between p and the steady state solutions, and let θ be the difference between T and the steady states solutions, i.e,
2 )k + q and T = (1 − x 2 ) + θ. Then the equations for the perturbation of these trivial solutions are derived as
We impose the periodic boundary condition with spatial periods L in the horizontal direction x 1 :
The top and bottom plates are assumed to be free-free:
For an initial value problem we also provide an initial value as
Since (2.1) together with (2.3) is a Stokes equation, we have the solution u = u(T ) under the above boundary condition. Replacing u and its second component u 2 in (2.2) by the solution which depends on T , we obtain the following equation
where u(T ) and u 2 (T ) satisfy (2.1). Adjusting boundary and initial conditions yields (2.8)
We shall recall here the functional setting of the equation (2.7) with the boundary and initial conditions (2.8) and (2.9). Let
where
is the space of functions in H 1 (Ω), which vanish at x 2 = 0, 1 and are periodic in x 1 -direction.
Thanks to the existence result, we can define a semi-group
which enjoys the semi-group properties.
In the bifurcation theory for the infinite Prandtl number convection, the critical Rayleigh number, denoted by R c , plays a key role. We consider the linearized equations of (2.7) with the boundary conditions (2.8),
where u 2 (T ) satisfies (2.1). Since this eigenvalue problem for the Rayleigh number R is symmetric, all eigenvalues R k with multiplicities m k of (2.10) with (2.8) are real numbers, and
is equivalent to
The first eigenvalue R 1 depends on periods L. It is known that there is a period L c which minimizes R 1 (L). We denote the critical Rayleigh number by R c . Let the multiplicity of R c be m 1 = m (m ≥ 1) and the first eigenvectors T 1 , · · · , T m of (2.10) be orthonormal, such that
Then E 0 , the first eigenspace of (2.10) with (2.8) is (2.12)
Let H and H 1 be defined as above. Define
where λ = √ R. Then we have an operator equation, which is equivalent to the Boussinesq equation (2.7):
3. Center Manifold and Attractor Bifurcation Theory 3.1. Center manifold approximation. The purpose of this section is to recall some results of the center manifold theory under general settings, i.e., general function spaces and general functional equations. It is a powerful tool for the reduction method and for the dynamic bifurcation of abstract nonlinear evolution equations developed in [11] .
Let H and H 1 be two arbitrary Hilbert spaces, and H 1 → H be a dense and compact inclusion. Consider the following nonlinear evolution equations dv dt
where v : H × [0, ∞) → H is the unknown function, λ ∈ R is the system parameter, and L λ : H 1 → H are the parameterized linear completely continuous fields continuously depending on λ ∈ R, which satisfy
We can see that L λ generates an analytic semi-group {e −tL λ } t≥0 and then we can define fractional power operators
We now assume that the nonlinear terms G(·, λ) : H α → H for some 0 ≤ α < 1 are a family of parameterized C r bounded operators (r ≥ 1) continuously depending on the parameter λ ∈ R, such that
For the linear operator A, we assume that there exists a real eigenvalue sequence {ρ k } ⊂ R and an eigenvector sequence {e k } ⊂ H 1 such that
where {e k } is an orthogonal basis of H.
For the compact operator B λ : H 1 → H, we also assume that there is a constant 0 < θ < 1 such that
We know that the operator L = −A + B λ satisfying (3.5) and (3.6) is a sectorial operator. It generates an analytic semigroup {S λ (t)} t≥0 . Then the solution of (3.1) and (3.2) can be expressed as
We assume that the spaces H 1 and H can be decomposed into (3.7)
where all eigenvalues of L Thus, for λ near λ 0 , (3.1) can be rewritten as
with α given by (3.4).
Theorem 3.1. (Center Manifold Theorem) Assume (3.4)-(3.8). Then there exists a neighborhood of
λ 0 given by |λ − λ 0 | < δ for some δ > 0, a neighborhood B λ ⊂ E λ 1 of x = 0, and a C 1 function Φ(·, λ) : B λ → E λ 2 (α), depending continuously on λ, such that (1) Φ(0, λ) = 0, D x Φ(0, λ) = 0. (2) The set M λ = (x, y) ∈ H 1 | x ∈ B λ , y = Φ(x, λ) ∈ E λ 2 (α) , called
the center manifold, is locally invariant for (3.1), i.e., for any
) is a solution of (3.9) , then there are β λ > 0 and k λ > 0 with k λ depending on (x λ (0), y λ (0)), such that
By the help of the Center Manifold Theorem, we obtain the following bifurcation equation reduced to the finite dimensional system
. Now we recall an approximation of the center manifold function which will be used in the proof of Theorem 3.8; see [11] for details. Let the nonlinear operator G be given by
where 
3.2. Attractor bifurcation theory for the infinite Prandtl number convection. In this subsection, we shall recall the attractor bifurcation theory of the infinite Prandtl number convection [14] and provide a sufficient condition which implies that the bifurcated attractor of the system (3.1) is homeomorphic to S Let the eigenvalues (counting multiplicity) of L λ be given by
Suppose that (3.12)
Let the eigenspace of L λ at λ 0 be
The following dynamic bifurcation theorem for (2.7) was proved based on the principle of exchange of stabilities and asymptotic stability of trivial solution [14] . (3) For any T ∈ Σ R , the associated velocity field u = u(T ), which is achieved from a given T , can be expressed as
where e k are eigenvectors of (2.7) corresponding to each T k . (4) The attractor Σ R has the homotopy type of an
, where Γ is the stable manifold of T = 0 with co-dimension m.
Remark 3.6. We can easily see that Theorem 3.5 is true for the 2D-Bénard problem as well as for the 3D-Bénard problem.
So far, we have introduced some crucial definitions and theorems which have established the existence of bifurcation. We now introduce another theorem related to the structure of the bifurcated solutions.
Let v be a two-dimensional C r (r ≥ 1) vector field given by
Here, G(x, λ) is defined as in (3.10) and satisfies an inequality
for some constants 0 < C 1 < C 2 and k = 2m + 1, m ≥ 1. Proof.
Step 1.We divide the proof into several steps. In the first step, we shall consider the eigenvalue problem of the linearized equation of (2.7) and shall find the eigenvectors and the critical Rayleigh number R c . Let's consider the eigenvalue problem of the linear equation,
It is equivalent to −∆T − λu 2 (T ) + β(λ)T = 0,
where λ = √ R. Because u(T ) satisfies
we can put two equations together as follows:
For the free-free boundary conditions, the following separation of variables is appropriate:
Then, from (3.18) we can derive a system of ODEs where
L . It is clear that for each k ≥ 0, the solutions of (3.19) with (3.20) are given by 2 , and
From the above arguments, it can be seen that the following sequences are the set of eigenvectors of (3.18):
where k ≥ 0, j ≥ 1 and
Here, L = L c leads λ 11 (L) to be the critical Rayleigh number.
Therefore, we get
and the first eigenvectors of (3.18) corresponding to β 11 are (u 11 , T 11 ) and (u 12 , T 12 ).
Step 2.We shall show that the bifurcated attractor of (2.7) and (2.8) contains a singularity cycle. In order to show that, we note that each steady state solution of (2.7) generates one S 1 in H. We can easily see that the above claim is true from the following arguments: since the solutions of (2.7) are translation invariant,
and if T 0 is a steady state solution of (2.7), the set Γ = {T 0 (x 1 + θ, x 2 )|θ ∈ R} represents S 1 in H 1 . Applying the classical Krasnoselskii theorem, we can see that the rest of Step 2 holds true. To this end, let's consider the odd function spaces .7) bifurcates from (T, R) = (0, R c ) to a steady state solution. From the first argument in the Step 2, we can conclude that the bifurcated attractor contains a singularity cycle of (2.7).
Step 3. In the third step, we shall investigate the topological structure of Σ R . Let E Then the reduction equations of (2.14) are as follows:
where G 2 is the bilinear operator of G such that
Let Φ be the center manifold function. Then 
Therefore,
< G 2 (y 11 T 11 + y 12 T 12 + Φ(y), y 11 T 11 + y 12 T 12 + Φ(y)), 
It is easy to check the following inner products: Φ kj (y)T kj , where 
By (3.27), near λ = λ 11 we have
Replacing (3.28) and (3.29) by (3.30), we obtain < G 2 (y 11 T 11 + y 12 T 12 + Φ(y), y 11 T 11 + y 12 T 12 + Φ(y)),
Therefore, the reduction equations (3.24) are transformed into
We know that the center manifold function involves only higher order terms
Since the following equations, Remark 3.9. It is known that under free-free boundary condition, the critical Rayleigh number can be calculated analytically as 27π 4 4 = 657.5, which is independent of the Prandtl number of the fluid; see [1, 4] for details.
Structural Stability for the Infinite Prandtl Number Convection
In this section, we shall study the structural stability and asymptotic structure of the bifurcated solutions of the infinite Prandtl number convection in physical space. To do so, it is crucial to study the structure and transitions of velocity fields for two dimensional incompressible fluid flows governed by the Navier-Stokes equations or the Euler equations. First, we shall recall some basic results about the structural stability; see [12] for details.
Let C r (Ω, R 2 ) be the space of all C r (r ≥ 1) vector fields on Ω, which are periodic in x 1 direction with periods L, and let Since ((α, 0), 0) is a solution of (2.1)-(2.3) for any constant α under the free-free boundary condition, we have to take velocity field u from the following function spaces:
and u 2 = 0 at x 2 = 0, 1},
Now, we introduce one simple but strongly necessary lemma, which links the structure of the solutions in terms of (u, T ) and that of the solutions in terms of only T . This occurs only in the infinite Prandtl number systems, not in the finite Prandtl number system. 
where u 1k are eigenvectors of (2.7) corresponding to T 1k . Moreover,
Proof. We infer from Theorem 3.5 that for any T ∈ Σ R , the associated velocity field u = (u 1 , u 2 ) can be expressed as
where u 1k are eigenvectors of (2.7) corresponding to T 1k . Thus it suffices to prove that α 1k are proportional to y 1k . From the first equation in (3.18), we have
With the sequences of the eigenvectors (3.21) and (3.22), we can rewrite the above equality as follows:
where c 11 is as defined in (3.21) and (3.22) . Therefore, we arrive at
With the help of Lemma 4.5, we can finally state and prove structural stability theorem.
Theorem 4.6. For any T 0 ∈ H\Γ, there exists a time t 0 ≥ 0 such that for any t ≥ t 0 , the associated vector field u(t, T ) = u(t, T, Ψ 0 ) is structurally stable and is topologically equivalent to the structure as shown in Figure 4 .1, where
is the stable manifold of T = 0(resp. of (u, T ) = 0) with codimension 2 in H(resp. in H × H). Proof. By [6] , we know that the solution (u(t, ψ 0 ), T (t, Ψ 0 )) is analytic in time and all the H m norms of u(t, ψ 0 ), T (t, Ψ 0 ) remain uniformly bounded in time for t ≥ δ > 0, m ≥ 0.
From Lemma 4.5 and equation (3.32) at the end of the proof of Theorem 3.7, we have α 11 , α 12 , β 11 ) . where α 11 = τ y 11 , α 12 = τ y 12 and τ is the constant obtained in the proof of Lemma 4.5. Now, note that the above expansions were done in terms of the eigenvectors. Thus, they must hold not only on H, but also on higher dimensional Sobolev spaces H m . By simple modifications, the following velocity fields are obtained: y 11 , y 12 , β 11 ), for some 0 ≤ θ ≤ 2π. Here,
Since Ω udx = 0, we have
for the velocity field u given above. By the connection Lemma, it follows that
is topologically equivalent to u = (u 1 , u 2 ). Now it suffices to prove that u 0 is structurally stable. For any singular point
Therefore, u 0 is structurally stable and we can easily show that the topological structure is as shown in Figure 4 .1. It provides us the structural stability of u and its structure as well. This completes the proof.
Concluding Remarks
Throughout this paper, we studied the bifurcation and structure of the bifurcated solutions of the two-dimensional infinite Prandtl number convection problem and have obtained two main results, which are summarized as follows:
(i) The problem bifurcates from the basic steady state to an attractor Σ R as the system parameter crosses the critical Rayleigh number R c , and Σ R is homeomorphic to S 1 . Moreover, Σ R consists of one cycle of steady state solutions.
(ii) The structure and the transitions of the solutions are investigated and it is proved that the associated velocity fields are structurally stable. It is worthwhile to mention that structural stability is different from dynamical stability such as the asymptotic stability. A solution of partial differential equations is called asymptotically stable if any solution with perturbed initial data converges to the given solution. Structural stability, used in this paper, refers to the stability of vector fields in physical space, and the idea of structural stability can be extended to vector fields on higher or infinite dimensional manifolds. A vector field is said to be structurally stable if, for any small perturbation, the perturbed vector field is topologically equivalent to the original vector field. More precisely, we are led to study the set of certain vector fields at once by defining a topology over it and hence an equivalence relation between arbitrarily close vector fields (connected for instance to the existence of some homeomorphism identifying different orbits). At this point, structural stability is obviously a global requirement, implying that the perturbation of the whole vector field leaves its qualitative properties preserved no matter what the initial conditions are. There are examples of steady states which are structurally stable but dynamically unstable and vice versa. The above structural stability result leads us to the justification of the roll structure for the problem as physical experiments have suggested. From a physical point of view, the two-dimensional convection problem can be considered an idealized model for many physical phenomena, including the Walker circulation over the tropics [17] , which has the same topological structure as the cells given in Figure 4 .1 in Theorem 4.6. Simulations of the Rayleigh-Bénard convection with the infinite Prandtl number and high Rayleigh numbers in spherical shell geometry have often been carried out to understand the thermal structure of the mantle and the evolution of the Earth [23] . They also tell us that the convection cells have almost uniform size for the lower Rayleigh number, but become irregular for the higher Rayleigh number. Near the critical Rayleigh number R c , the convection patterns are the same as described in this paper. Moreover, the growth rate of the instability rate vanishes with P r = ∞; while the two-dimensional rolls grow at a finite rate from arbitrary initial conditions, where the rolls are effectively stable [19] .
In this paper we studied the infinite Prandtl number convection under the f ree − f ree boundary condition on the top and bottom plates. We might be able to combine different boundary conditions for further studies, such as rigid − rigid, rigid−f ree and f ree−rigid, which are normally used in different physical settings. However that requires more advanced techniques since we do not have explicit forms of the eigenfunctions. Thus we need to develop new approaches supplemented with numerical studies. Although we can also study the three-dimensional convection problem, which would also be more technically involved and requires more complicated calculations, we may expect similar results to the two-dimensional case.
